Introduction
Sasaki-Einstein manifolds were studied not only by mathematicians but also by physicists, as Sasaki-Einstein manifolds have various interesting phenomena such as "AdS/CFT correspondence" in theoretical physics (cf. [2] , [3] , [4] , [5] , [6] , [12] , [19] , [20] , [21] , [22] ). Recently in [1] and [10] , classification of toric Sasaki-Einstein manifolds was given.
A Sasaki manifold is a (2m + 1)-dimensional Riemannian manifold (S, g) whose cone manifold (C(S), g) is a Kähler manifold with C(S) := S × R >0 and g := (dr) 2 + r 2 g, where r is the standard coordinate on the set R >0 = {r > 0} of positive real numbers. Then S is a contact manifold with the contact form
Here S is viewed as the submanifold of C(S) defined by the equation r = 1. We further consider the the Reeb field ξ characterized by i(ξ)η = 1 and i(ξ)dη = 0, where i(ξ) is the interior product by ξ. The Reeb field ξ is a Killing vector field on (S, g) with a lift to a holomorphic Killing vector field on (C(S), g). This generates a 1-dimensional foliation on S, called the Reeb foliation. The Sasaki metric g naturally induces a transverse Kähler metric g T for the Reeb foliation on S. A Sasaki manifold (S, g) is toric, if C(S) is a toric manifold.
The following well-known fact allows us to reduce the existence of Sasaki-Einstein metrics to that of transverse Kähler-Einstein metrics: By the results of Wang and Zhu [28] , the existence of Kähler-Ricci solitons is known for toric Fano manifolds. Hence, the results in [10] shows that Conjecture 1.2 is affirmative for toric Fano manifolds.
We now consider Koiso-Sakane's examples [23] , [16] , [17] of P 1 (C)-bundles over Kähler-Einstein Fano manifolds. To fix our notation, recall the paper [18] . Under the assumption below, we fix once for all a compact connected n-dimensional complex manifold W with c 1 (W ) > 0 and an Hermitian holomorphic line bundle (L, h) over W . 
with respect to ω 0 satisfying −1 < µ k < 1 for k = 1, 2, . . . , n.
By this assumption, the compactification M
W admits a Kähler-Einstein metric if and only if its Futaki's obstruction (cf. [8] ) vanishes: 
Transverse holomorphic structures on S L W
For an open cover {U α ; α ∈ A} of W , we choose a system of holomorphic local coordinates (w 
, and with respect to this local frame, we have the fiber coordinate τ
, respectively, i.e., all (+)-signs and all (−)-signs should be chosen respectively. Note that
Here {ψ βα ; α, β ∈ A} are the transition functions for L with respect to the local frames {e α ; α ∈ A} for L, while {φ βα ; α, β ∈ A} are the transition functions for K W with respect to the local frames {dw
α is also viewed as the fiber coordinate for K W ⊗ L over U α with respect to the local frame (dw
< a ∈ R, we consider holomorphic vector fields 
For the natural projection q : S L W −→ W , the fiber q −1 (w) over each w ∈ U α has a transverse holomorphic structure defined by the transverse holomorphic coordinate z ± α . Then on q −1 (w),
defines a transverse Kähler metric, which is invariant under the standard S 1 -action z
.
Then its derivative v ′ (x) defines a moment map whose image is the closed interval − 1 1+2a , 1 .
Sasaki-Einstein metrics on S L W
In this section, we construct an Sasaki-Einstein metric on S L W by an argument as in [18] . For a > − where µ k,a := µ k + a(1 + µ k ) for k = 1, 2, . . . , n. Now, we assume that A a (1) = 0. Since a > − 1 2 , it follows from Assumption 1.3 that
for − 1 1+2a < x < 1. In particular, the rational function
is free from poles and zeros over the open interval − , 1 −→ R, and define a C ∞ functions x a (ρ) and u a (ρ) in ρ ∈ R by x a (ρ) := B −1 a (ρ) and u a (ρ) := − log(A a (x a (ρ))). Then u ′ a (ρ) = x a (ρ) and hence
On U + α , we define ρ 
and that, for each fixed w 0 ∈ U α , we can choose a local frame e α for L and a system (w
Since a > − 
. Then we put
Since r = r(τ + α ) is regarded as the norm of
, with respect to the Hermitian metric (Φ α,+ ) T is the transverse Kähler metric associated to ω T . Furthermore, the fundamental form ω of the cone metric g associated to g is given by
In view of dη = f (x; a) dx (= −A a (1)).
Since lim a→+∞ F (a) = +∞ and lim a→− such that F (a 0 ) = 0. Moreover,
; a .
Note also that µ k,a = µ k + a(1 + µ k ). Hence for − 1 1+2a 
Examples
In this section, we shall give a couple of examples of Sasaki-Einstein manifolds as an application of Theorem 1.5.
Example 4.1. We first put
where p i : W −→ P n i (C) is the natural projection to the i-th factor (i = 1, 2, . . . , l). In view of the isomorphism K 
For instance, we consider the simplest case, that is, W = P 1 (C) and L = O P 1 (C) (1) . In this case, M L W is a del Pezzo surface obtained from P 2 (C) by blowing up one point, and we see the irregularity of (S L W , ξ a 0 ) by
Example 4.2. Next, let W := Gr(k, p) be the complex Grassmannian manifold of all p-dimensional subspaces of C k , which is a complex manifold of dimension p(k − p). Then there exists an ample line bundle A(k, p) over Gr(k, p) such that K 
